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Abstract
An extremely simple CFD tool is used to compare the calm-water drags of a series of hull forms and to de®ne `optimized' monohull ships
for which the total (friction 1 wave) calm-water drag is minimized. The friction drag is estimated using the classical ITTC formula. The
wave drag is predicted using the zeroth-order slender-ship approximation. Comparisons of theoretical predictions and experimental measurements for a series of eight hull forms show thatÐdespite the extreme simplicity of the method that is used here to estimate the friction drag
and the wave dragÐthe method is able to rank the drags of a series of hull forms roughly in accordance with experimental measurements.
Thus, the method may be used, with appropriate caution, as a practical hull form design and optimization tool. For purposes of illustration,
optimized hull forms that have the same displacement and waterplane transverse moment of inertia as the classical Wigley hull, taken as
initial hull in the optimization process, are determined for three speeds and for a speed range. q 2002 Published by Elsevier Science Ltd.
Keywords: Optimization; Hull forms; Calm-water

1. Introduction
Although CFD-based hull form optimization is not
routinely used for ship design, a signi®cant number of
applications of CFD tools to hydrodynamic optimizationÐmostly for reducing calm-water drag and wave
patternsÐattest to a growing interest in hydrodynamic optimization. This growing interest in hydrodynamic optimization is a useful development becauseÐin principleÐship
design implies optimization, e.g. minimization of a functional that appropriately weighs payload, ship speed,
motions, and calm-water drag.
Optimization of a ship hull form involves a number of
nontrivial issues, including selection of an appropriate
objective function, choice of optimization scheme, geometrical representation of hull surface and choice of
related design variables and constraints, selection of a
practical and robust CFD tool to evaluate the objective
function, and decision to perform optimization for a
single-point design or for multiple-point design, e.g. for
a single ship speed or for a range of speeds. These basic
issues involved in hull form optimization have been
addressed in various ways in the literature, and are now
brie¯y considered in turn.
Regarding objective functions, it is well understood that
* Corresponding author. Tel.: 11-301-227-7018; fax: 11-301-227-4607.
E-mail address: noblesse¯@nswccd.navy.mil (F. Noblesse).
0141-1187/02/$ - see front matter q 2002 Published by Elsevier Science Ltd.
PII: S 0141-118 7(02)00002-0

hydrodynamic optimization needs to take into account a
number of requirements, including speed, calm-water
drag, motions and loads, and other considerations like
payload, propulsion, and wakes. In particular, an integrated
approach that simultaneously considers motions and calmwater drag should be used because minimization of ship
motions without regard to drag, or of drag without regard
to seakeeping characteristics, can lead to unacceptable
designs. However, the much simpler task of minimizing
objective functions associated with calm-water ¯ow
features (wave resistance or total drag, and/or wave
patterns) is considered in all the CFD applications to hull
form optimization that are listed further on, and in the
present study as well.
Several optimization algorithms have been used in the
literature. Three algorithms (steepest descent, conjugate
gradient, sequential quadratic programming) are considered in Ref. [1], and genetic algorithm techniques
are used in Refs. [2,3]. A hybrid method based on
coupling of a genetic algorithm and a hill-climbing technique is used in Ref. [4]. Alternative ways, noted in Ref.
[1], of representing the hull surface modi®cations that are
required in a hull form optimization procedure have been
employed.
With regard to CFD tools, both extremely simple toolsÐ
Michell's thin-ship approximation and the slender-ship
approximation given in Ref. [5]Ðand more sophisticated
toolsÐpotential-¯ow panel methods based on Rankine
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sources and RANS-based viscous-¯ow methodsÐhave
been used.
Thin-ship theory is used in Refs. [3,6±12,33]. The hull
form optimization results reported in Refs. [13±15], are
based on the slender-ship approximation. Ref. [16] relies
on the slender-ship approximation and the Fourier±Kochin
¯ow representation given in Refs. [17,18].
A combination of a Rankine-source panel method and
simpler prediction tools are used in Ref. [1] to speed up
the optimization procedure. Refs. [1,2,9,19±22], use
potential-¯ow panel methods based on Rankine sources.
RANS-based viscous-¯ow methods are used in Refs.
[23±26]. A combination of ¯ow solvers based on potential
¯ow, viscous boundary layer, and RANS is used in Ref.
[27].
The usefulness of many currently-available CFD tools
for routine applications to hydrodynamic optimization is
restricted by various factors. In particular, some CFD
tools can only be used within a limited range of ship
speed and/or wave frequency. Other tools require highly
structured discretizations of the ship hull and the free
surface (and even the ¯uid domain), and may indeed
fail to provide reliable results unless a discretization
that satis®es stringent requirements is used. Lack of
versatility (due to limited range of applicability) or
robustness, preprocessing discretization requirements
that are overly time consuming (and hence too expensive for routine applications), excessive computational
requirements, and need for highly-experienced expert
users are factors that can seriously restrict the practical
usefulness of a CFD tool for routine practical
applications to ship hull form design and, especially,
optimization.
Thus, an extremely simple CFD tool is used in this study
to estimate the total (friction 1 wave) calm-water drag of a
ship. Speci®cally, the friction drag is evaluated using the
ITTC 1957 model-ship correlation line formula. The
calm-water wave drag is estimated using the zeroth-order
slender-ship approximation given in Refs. [5,18] because
the exceptional simplicity of this calculation method (no
near®eld-¯ow calculations are required) renders it ideally
suited for optimization (a one-speed wave drag calculation
for a ship hull represented by 8000 panels requires less than
1 s on a gigahertz computer).
This method is used to compare the drags of eight
hull forms in the series of hull forms analyzed in Refs.
[28,29] within the mid-term sealift ship technology
development program. Comparisons of theoretical calculations and experimental measurements of drag for this
series of eight hull forms show thatÐdespite the
extreme simplicity of the method used here to estimate
the friction drag and the wave dragÐthe method is able
to rank the drags of the variant hull forms roughly in
agreement with experimental measurements. These
resultsÐand those reported in Refs. [14±16]Ðindicate
that rough approximations to the friction drag and the

wave drag may be used, with appropriate caution, as a
practical hull form optimization tool. Indeed, the
method is used to determine optimized hull forms that
have the same displacement and water-plane transverse
moment of inertia as the classical Wigley hull, which is
taken as initial hull in the optimization process for
purposes of illustration.
The studies previously published in the literature on
hydrodynamic optimization of ship hull forms only
consider optimization for a single ship speed. The
present study presents both hull forms optimized for a
single speed (point optimization) and hull forms optimized for several speeds (multi-point optimization). In
fact, a main conclusion of the study is that optimization
within a speed-range (multi-point optimization) is much
preferable to single-speed optimization, which appears
to yield highly-tuned optimized hull forms that perform
well only within a fairly narrow speed range centered at
the optimization speed.

2. A series of eight hull forms
A series of eight hull forms is considered in this study.
These hull forms, previously analyzed in Refs. [28,29]
within the mid-term sealift ship technology development
program, are variants of the baseline hull form that is
depicted in Fig. 1 and is identi®ed as DTMB model 5501
in Refs. [28,29]. The other seven hull forms are identical to
the baseline hull form shown in Fig. 1 except for the shape
of the bow bulb and/or skeg.
The baseline bulb and six bulb variants are shown in Figs.
1 and 2, respectively. The seven bows consist of the (elliptical) baseline bulb shown in Fig. 1, four nabla-type bulbs, a
producible bulb (also elliptical), and a no-bulb bow. The
baseline skeg and a producible skeg variant are depicted
in Fig. 3.
The series of eight hulls that is considered in this study
are identical except for the shapes of the bow bulb and/or
skeg. The series consists of the following bulb and skeg
combinations:
BULB

SKEG

baseline
no bulb
nabla 1
nabla 2
nabla 3
producible
baseline
nabla 6

baseline
baseline
baseline
baseline
baseline
baseline
producible
producible

These eight bulb/skeg combinations are compared in six
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Fig. 1. Baseline hull.

hull-to-hull comparisons. Speci®cally, the baseline-bulb/
baseline-skeg hull is compared to the ®ve hulls

3. Experimental drag
The drag D of a ship advancing at constant speed U along
a straight path in calm-water is expressed as

BULB

SKEG

IDENTIFIER

2D  rU 2 SA CT  rU 2 L2ref C^ T

no bulb
nabla 1
nabla 2
nabla 3
producible

baseline
baseline
baseline
baseline
baseline

no bulb
nabla 1
nabla 2
nabla 3
producible

where r is the water density, S A is the wetted-hull surface
area, Lref is a reference length (typically the length of the
ship), and CT and C^ T are nondimensional drag coef®cients.
We have

and the baseline-bulb/producible-skeg hull is compared
to the hull
BULB

SKEG

IDENTIFIER

nabla 6

producible

nabla 6

The six hull-to-hull comparisons are referred to in the
remainder of this paper by the identi®ers listed in the tables
(no bulb, nabla 1, nabla 2, nabla 3, producible, nabla 6).

C^ T  CT SA =L2ref

1a

1b

Models of the eight variant hull forms have been tested in
the DTMB tow tank at model-scale speeds corresponding to
full-scale speeds in the range of 10±26 knots. The modelscale ratio for the 635 ft Strategic Sealift Ship is l 
32:495: The ship models were free to pitch, heave and roll
in these resistance tests, but were restrained in surge, sway
and yaw. Further information about the resistance tests may
be found in Refs. [28,29].
The results of the model tests reported in Refs. [28,29] are
summarized in Fig. 4, which depicts the experimental drag
coef®cient
A 2
C^ exp
T  CR 1 CF S =Lref

2
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Fig. 2. Forebody variants.

for the eight
phull forms as a function of the Froude number
F  U= gLref in the range

provides experimental con®rmation of the well-established
advantage of bulbous-bow ships.

0:16 , F , 0:31
The reference length Lref is taken as the length (between
perpendiculars) of the ship models, and g stands for the
acceleration of gravity. CR in Eq. (2) is the residuary-drag
coef®cientÐreported in Refs. [28,29]Ðand the friction
coef®cient CF is given by the ITTC 1957 model-ship correlation line formula

4. Theoretical estimation of drag

CF  0:075=log10 Re  2 22

The wave drag coef®cient CW is evaluated using the
Havelock formula

3

where Re is the Reynolds number of the full-scale ship.
Fig. 4 shows that differences among the drags of the six
bulbous-bow models are relatively small, and that the nobulb model has a signi®cantly larger drag (except at low
speed) than the six bulbous-bow models. Thus, Fig. 4

The experimental drag coef®cient C^ exp
T given by Eq. (2)
is compared in this study to the theoretical drag
C^ theory
 CW 1 CF SA =L2ref
T

CW 

i
2RW
n Z1 dbk h 2

Sr 1 S2i
2 2
p 21 k 2 n
rU Lref

4

5a

for the wave drag RW associated with the energy radiated via
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the far®eld waves. Here,

n

1
U
with F  p
gLref
2F 2

5b

Furthermore, the wavenumber k in Eq. (5a) is de®ned in
terms of the Fourier variable b as
q
5c
k b  n 1 n2 1 b 2
Sr and Si are the real and imaginary parts of the far®eld wave
spectrum function S  S a; b where a is de®ned in terms
of the Fourier variable b as
p
a b  k b=F
5d

Fig. 3. Skeg variants.

This
relation and expression (5c) for the wavenumber k 
p
a2 1 b2 follow from the dispersion relation F 2 a2  k for
steady ship waves.
The Fourier±Kochin representation of far®eld waves
given in Refs. [17,18] de®nes the wave spectrum function
S in the Havelock formula (5a) in terms of the disturbance
velocity u~ at the mean wetted hull surface. The disturbance
velocity u~ at the ship hull can be evaluated using various
computational methods. A simple, practical method is the
slender-ship approximation given in Ref. [5] and summarized in Ref. [18]. This theory provides a remarkably simple
explicit approximation to the velocity u~ ; and hence to the
wave spectrum function S, that is de®ned directly in terms of
the ship speed and the hull geometry.

Fig. 4. Measured resistance for a series of eight hulls.
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Fig. 5. Computed resistance for a series of eight hulls.

An even simpler approximation to the spectrum function is the zeroth-order slender-ship approximation. This
approximation to the far®eld wave spectrum function corresponds to the trivial approximation u~  0 for the near®eld
disturbance velocity. The corresponding approximation to
the wave spectrum function, given in Refs. [5,18], is
Z
Z
S
n x ekz1i ax1by dA 1 F 2
n x 2 ty ei ax1by dL
6a
S

G

Here, dA and dL stand for the differential elements of area
and arc length of the mean wetted hull surface S and the
mean waterline G , and
x; y; z  X; Y; Z=L ref

6b

The x axis is taken along the path of the ship and points
toward the ship bow (i.e. the ship advances in the direction
of the positive x axis), the z axis is vertical and points
upward, and the mean free surface is the plane z  0:
Furthermore, n x and t y are the x and y components of the
unit vectors
n~  nx ; ny ; nz  and ~t  tx ; ty ; 0

6c

normal to the ship hull surface S and tangent to the ship
waterline G ; n~ points inside the mean ¯ow domain (i.e.
outside the ship) and ~t is oriented clockwise (looking down).
Thus, the wave spectrum function S in the Havelock
formula (5a) for the wave drag is de®ned explicitly in
terms of the ship speed and the hull form in the zerothorder slender-ship approximation (6a). The exceptional
simplicity of this approximation to the wave spectrum

function (no near®eld-¯ow calculations are required)
renders it ideally suited for hull form optimization.
The zeroth-order slender-ship approximation (6a) may
be regarded as a generalization of the classical Michell
thin-ship approximation
Z
S thin 
n x ekz1iax dA
7
S

Both the thin-ship approximation (7) and the zeroth-order
slender-ship approximation (6a) involve simple distributions of elementary wave functions, with strength equal to
n x, over the ship hull. The major difference between the two
approximations is that the wave functions are distributed
over the ship centerplane y  0 in the thin-ship approximation, while they are distributed on the actual hull surface in
the slender-ship approximation. Thus, the shape of a ship
hull is mostly accounted for by means of the strength n x of
the wave distribution in the thin-ship approximation, while
the slender-ship approximation accounts for the hull shape
via both the strength of the wave distribution and the location of the distribution, which is over the actual ship hull
instead of over the ship centerplane. Thus, the slender-ship
approximation may be expected to provide a more realistic
account of hull form than the thin-ship approximation.
Figs. 1±3 show the panelizations used to represent the
eight hull forms for the calculation of the wave spectrum
function given by Eq. (6). Approximately 8000 unstructured
¯at triangular panels have been used in these calculations.
The theoretical drag C^ theory
is depicted in Fig. 5 for the eight
T
hull forms in the range 0:16 , F , 0:31:
Figs. 4 and 5 show that the theoretical and experimental
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drags differ signi®cantly, as might be expected in view of
the extreme simpli®cations embodied in the ITTC friction
drag formula and the zeroth-order slender-ship wave drag
approximation. However, the question that is under consideration hereÐand is in fact most relevant for practical
applications to hull form design and optimizationÐis
whether a method based on the ITTC friction drag formula
and the zeroth-order slender-ship wave drag approximation
might be able, despite its extreme simplicity, to rank the
drags of a series of hull forms in approximate agreement
with experimental measurements.
In fact, the theoretical and experimental results shown in
Figs. 4 and 5 may immediately be seen to agree in two
notable respects: both Figs. 4 and 5 indicate that (i) differences among the drags of the six bulbous-bow models are
relatively small, especially at high speed, and (ii) the nobulb model has a signi®cantly larger drag than the six
bulbous-bow models, except at low speed. Thus, Figs. 4
and 5 provide both experimental and theoretical con®rmation of the well-known usefulness of bulbs for reducing
drag. The theoretical and experimental results depicted in
Figs. 4 and 5 are now analyzed further.
5. Theoretical and experimental comparison of series of
hulls
Fig. 6 provides a comparison of both the experimental
drag coef®cient C^ exp
and the theoretical drag coef®cient
T
C^ theory
for
the
eight
hulls
in the series de®ned in Figs. 1±3.
T
Fig. 6 shows that, although large differences exist among
the theoretical and experimental drag coef®cients as already
noted from Figs. 4 and 5, theoretical and experimental
results are in agreement in several notable respects:
(i) Both the theoretical and experimental results shown in
the upper left corner of Fig. 6 indicate that the no-bulb
hull has a signi®cantly larger drag than the baseline hull
over the entire speed range
(ii) Both the theoretical and experimental results in the
lower left corner indicate that the modi®ed baseline hull
(baseline bulb with producible skeg) has an appreciably
larger drag than the nabla 6 hull (nabla 6 bulb with producible skeg), except at low speed
(iii) Both the theoretical and experimental results in the
right column show that the baseline bulb yields a larger
drag than the producible bulb and the nabla 2 and nabla 3
bulbs in the high-speed range, while the opposite holds in
the low-speed range
(iv) The center of the left column also shows agreement
between the theoretical and experimental results for the
base hull and the nabla 1 hull, which are essentially
comparable (although the theory indicates that the nabla
1 hull has a slightly larger drag than the base hull).
Thus, the hull-to-hull comparisons shown in Fig. 6
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indicate that, despite their extreme simplicities, the ITTC
friction drag formula and the zeroth-order slender-ship
wave drag approximation appear to be able to rank the
drags of a series of variant hull forms in approximate agreement with experimental measurements.
The procedure used in Fig. 6, based on visual comparison
of the (theoretical or experimental) drag curves of alternative hull forms, necessarily involves some degree of subjectivity. A complementary way of comparing the drag curves
of two alternative hull forms, say hull A and hull B, consists
in de®ning a ranking coef®cient r AB as
in
X

rBA 

i1

in
X
i1



^B
Fi3 C^ A
Ti 2 C Ti

Fi3



C^ A
Ti

1

C^ BTi



8
=2

This ranking criterion for comparing hull forms A and B
essentially compares the power

rU 2 L2ref C^ T U  rU 3 L2ref C^ T / F 3 C^ T
required to overcome the drags of hulls A and B for a
number of Froude numbers Fi (with 1 # i # n) within a
given speed range. The ranking criterion (8) indicates that
hull B is better than hull A if rBA . 0:
The six ranking coef®cients
base
base
base
base
base base
rnabla
rno-bulb
1 rnabla 3 rnabla 2 rprod rnabla 6

determined from both the experimental and theoretical
drags depicted in Fig. 6 are now considered. As already
noted, approximately 8000 unstructured ¯at triangular
panels were used to represent the eight hulls considered in
the calculations reported in Figs. 5 and 6. Calculations
using approximately 32,000 panels have also been performed for the purpose of estimating the in¯uence of hull
discretization. Figs. 7 and 8 present the experimental and
theoretical ranking coef®cients for the six hull-to-hull
comparisons considered in Fig. 6 in the `low-speed' and
`high-speed' ranges
0:16 , F , 0:24

0:24 , F , 0:31

Seven ship speeds (equal to 14, 15, 16, 17, 18, 19, and
20 knots) and six speeds (21, 22, 23, 24, 25, and 26 knots)
are considered for the low-speed and high-speed ranges,
respectively. Thus, n in Eq. (8) is taken equal to 7 and 6
for the low-speed and high-speed ranges, respectively.
`Experiment' in Figs. 7 and 8 refers to the ranking coef®cients determined from experimental measurements, and
`32k panels' and `8k panels' identify the theoretical ranking
coef®cients obtained using 32,000 and 8000 panels, respectively. Figs. 7 and 8 show that differences between the
theoretical ranking coef®cients obtained using 32,000
panels and 8000 panels are negligible for the present
purpose.
For the high-speed range, Fig. 8 indicates that theory
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Fig. 6. Comparison of theoretical and experimental drag coef®cients for a series of hulls.

and experiments agree in predicting that the no-bulb
hull has a signi®cantly larger drag than the baseline
hull, and that there is no appreciable difference between
the drags of the nabla 1 hull and the baseline hull.
Experiments and theory also agree that the nabla 3,
nabla 2, producible, and nabla 6 hulls have smaller
drags than the baseline hull, although there are appreciable discrepancies between experimental and theoretical

results for these 4 cases (especially for the nabla 3
hull). Discrepancies between theory and experiments
are relatively larger for the low-speed range considered
in Fig. 7, although both theory and experiments agree in
predicting that the baseline hull has a smaller drag than
the no-bulb, nabla 3, producible, and nabla 2 hulls.
Thus, Figs. 7 and 8 show that the theoretical and
experimental ranking coef®cients are in relatively fair
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Fig. 7. Experimental and theoretical rankings of drag in the low speed range.

agreement on the whole, considering the extreme simplicity
of the theoretical method that has been used to estimate the
drag.
6. Hull form optimization example
For purposes of illustration, an optimization procedure is
applied to the Wigley hull. This mathematical hull form has
parabolic waterlines and framelines, and is de®ned by
y  ^ 1 2 4x2  1 2 256z2 =20

9a

The volume displacement 7 of the Wigley hull (9a) is
7=L 3  1=360 < 0:00278

9b

which yields a 5080 LT (5160 MT) displacement in sea
water at a length of 400 ft (122 m). The transverse moment
of inertia of the waterplane (moment of inertia about the x
axis) IT is
IT =L4  1=26; 250 < 0:0000381

9c

Fig. 9 shows the waterlines (constant-z lines), buttocklines
(constant-y lines), and framelines (constant-x lines) of a
slightly modi®ed Wigley hull having rounded forefoot and
stern. This modi®ed Wigley hull is actually used, in lieu of
the classical Wigley hull (9a), as the initial hull in the optimization example considered here. Coordinates in the lines
drawing shown in Fig. 9, and further on in Figs. 10±13
for the corresponding optimized hull forms, are nondimensionalized with respect to the length of the initial hull,
which is the reference length Lref hereafter. The contour
interval in each view is speci®ed by d .
The nondimensional total-drag coef®cient CT in Eq. (1a)
is expressed as
CT  CW 1 1 1 kCF

10

The wave drag coef®cient CW is evaluated using the
zeroth-order slender-ship approximation (6) to the spectrum
function S in the Havelock formula (5a). The friction
drag coef®cient CF is given by the ITTC 1957 model-ship

Fig. 8. Experimental and theoretical rankings of drag in the high speed range.
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Fig. 9. Lines for the modi®ed Wigley hull taken as initial hull in the optimization.

correlation line formula (3). The form factor k is taken
p
k  0:6 7=L 3 1 97=L 3 with

0:05 # k # 0:40

11

where L and 7 stand for the length and displacement of the
ship. Expression (11) is a ®t of three data points given in
Ref. [30], p. 28.
Optimized hull forms that have the same displacement 7
and transverse moment IT as the initial hull and have a
minimal total drag S ACT are determined. Thus, only two
constraints are considered. A real-world optimization
problem would obviously involve a number of additional
constraints, notably restrictions about principal dimensions
(length, draft, beam), and these constraints could be
included into the optimization process. However, an idealized (academic) optimization problem involving a minimal
number of constraints is purposely considered here to
test the capability of the optimization method to generate very different optimized hull forms. Indeed, the optimized hull forms obtained further on (and shown in
Figs. 10±13) for three single-speed optimizations and for
a three-speed optimization (i.e. four cases in all) are drastically different.
It is important that the wetted-hull surface area S A be
included in the objective function S ACT because signi®cant
changes in wetted area occur as a result of the optimization

procedure. The downhill simplex optimization method,
given in Ref. [31] Section 10.4, is used in this study.
As shown in Figs. 10±13, ship hull form optimization
may involve large hull form modi®cations, which must be
represented effectively. Thus, a representation of a ship hull
surface that is suf®ciently ¯exible and robust to permit large
hull form modi®cations, while involving only a moderate
number of unknowns, is an important element of hull form
optimization.
In this study, a ship hull is de®ned as a NURBS (nonuniform rational B-spline [34]) surface. Speci®cally, a cubic
surface with a 5 by 9 control net (5 control points for each of
9 sections) is used to represent a ship hull form, which is
assumed to be symmetric about its centerplane y  0: For
simplicity, the surface is polynomial (control points are
equally weighted) and has uniform knot vectors. The locations of the 5 £ 9  45 control points that de®ne the
NURBS surface representing a ship hull are de®ned in the
manner explained in Appendix A.
For the purpose of evaluating the zeroth-order slendership approximation (6) to the spectrum function S in the
Havelock wave drag formula (5a), a ship hull surface is
approximated by a set of ¯at triangular panels. These panels
are de®ned automatically using the panelization for the
initial hull surface, in the manner now explained. A panel
vertex is identi®ed by values of the parameters u and v in the
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Fig. 10. Lines for hull optimized at F  0:250:

(u, v) parametric representation of the NURBS surface
corresponding to the initial surface. The x, y, z coordinates
of a panel vertex in the panelization of the hull surfaces that
are de®ned in the course of an optimization are evaluated
directly from the values of the parameters u and v attached
to the panel vertex in the initial panelization. The volume
(displacement) and waterplane-inertia constraints that are
considered in the optimization procedure are enforced by
iteratively scaling the hull form along the y and (x,z) axes.
In the hull form optimization example reported later, the
hull is de®ned by 61 independent variables (as explained in
Appendix A), and is approximated by 11,200 unstructured
¯at triangular panels. The corresponding computing time is
approximately 1.8 s per evaluation of drag for one Froude
number on a gigahertz processor. About 12,000±16,000
evaluations of drag are needed until `complete' convergence. Thus, 18±24 h of computation are required for a
hull form optimization over three speeds.
7. Optimized hull forms
Figs. 10±12 depict the waterlines, buttocklines, and
framelines of the optimized hull forms obtained by minimizing the drag coef®cient S ACT(F) for F  0:25; 0.316,
and 0.408, respectively. These three Froude numbers corre-

spond to 16.8, 21.2, and 27.4 knots for a 400 ft ship. Fig. 13
depicts the optimized hull form determined by minimizing
the sum


12
S A CTF0:25 1 CTF0:316 1 CTF0:408
of the drag coef®cients at F  0:25; 0.316, and 0.408. Thus,
the hull form depicted in Fig. 13 corresponds to a 3-speed
optimization, while the hull forms shown in Figs. 10±12
correspond to single-speed optimizations.
Figs. 10±13 show that all three single-speed optimized
hulls (most notably the hull optimized at F  0:408) have
sizable bow and stern bulbs, while the 3-speed optimized
hull has ®ne ends. The lengths, wetted-hull areas, and
displacement to length ratios of the initial hull and the
four related optimized hulls are shown in Table 1. The
Table 1
Length, surface area and displacement to length ratio for the initial hull and
the four optimized hulls
Hull

L/Lref

SA =L2ref

7 /L 3

Initial
Opt.250
Opt.316
Opt.408
Opt-3F

1.000
0.793
1.073
1.064
1.635

0.144
0.116
0.137
0.143
0.155

0.0028
0.0056
0.0022
0.0023
0.0006
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Fig. 11. Lines for hull optimized at F  0:316:

low-speed optimized hull is shorter than the initial hull by
more than 20%, while the hulls optimized for F  0:316
and 0.408 are slightly longer than the initial hull, and the
3-speed optimized hull is very much longer. The hull area is
reduced (compared to the initial hull) for all three singlespeed optimized hulls, most notably for the hull optimized
at F  0:25 (for which the friction drag yields the largest
contribution to the total drag), and increased slightly for the
3-speed optimized hull.
Fig. 14 depicts the variation of CW =CT0 ; CF =CT0 ; and CT =CT0
with respect to the number of evaluations of the objective
function in the course of the 3-speed optimization. Here, CT0
is the sum of the total-drag coef®cients, as in Eq. (12), for
the initial hull. Fig 14 shows that the wave drag is reduced
®rst, and quickly becomes quite small compared to the friction drag. The friction drag increases during the early phase
of the optimization process. As the optimization process
progresses beyond the early phase of rapid reduction in
total drag, both the wave drag and the friction drag slowly
decrease. During the early phase of the optimization
process, the 3-speed optimized hull deforms into a hull
having large, deep bulbs at both the bow and the stern.
However, as the optimization process continues, these
bow and stern bulbs are gradually eliminated, and the hull
becomes longer and pointed at the ends as shown in Fig. 13.

Figs. 15 and 16 depict the wave drag coef®cient
CW SA =L2ref and the total-drag coef®cient CT SA =L2ref ; respectively, of the initial hull, the three single-speed optimized
hulls, and the 3-speed optimized hull within the speed range
0:2 # F # 0:5: Fig. 15 shows that the wave drag coef®cients CW for the single-speed optimized hulls are greatly
reduced at the Froude numbers for which the hulls are
optimized (at F  0:25; 0.316, and 0.408 for the lowspeed, intermediate-speed, and high-speed optimized
hulls) but increase very rapidly away from the optimization
speeds. Thus, single-speed optimization can yield highlytuned optimized hull forms that perform quite well only in a
fairly narrow speed range centered at the optimization
speed.
Figs. 15 and 16 also show that the wave drag coef®cient
CW and the total-drag coef®cient CT of the 3-speed optimized hull remain small over a broad speed range, in
contrast to the drag curves for the three single-speed optimized hulls. Furthermore, the drag of the 3-speed optimized
hull is only moderately larger than the drag of the singlespeed optimized hulls within the narrow regions where these
hulls are optimized. Thus, optimization for a speed range
(i.e. multi-speed optimization) appears to be much preferable to optimization for a single speed.
Table 2 lists the values of the wave drag coef®cient CW at
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Fig. 12. Lines for hull optimized at F  0:408:

Table 2
Wave drag and friction drag coef®cients 10 5 CSA =L2ref for the initial hull and the four optimized hulls
Hull

CW at F  0:25

CW at F  0:316

CW at F  0:408

Initial
Opt.250
Opt.316
Opt.408
Opt-3F

14.26
0.46

22.98

37.36

0.22

0.46

0.84

1 1 kCF
22.84
19.06
21.58
22.52
24.42

1.78
2.64

Table 3
Contribution of wave drag to total drag for the initial hull and the four optimized hulls
Hull

CW/CT at F  0:25 (%)

CW/CT at F  0:316 (%)

CW/CT at F  0:408 (%)

Initial
Opt.250
Opt.316
Opt.408
Opt-3F

38
2
±
±
1

50
±
4
±
2

62
±
±
7
10
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Fig. 13. Lines for hull optimized at F  0:25; 0.316, and 0.408.

F  0:25; 0.316, 0.408, and of the friction drag coef®cient
1 1 kCF for the initial hull, the three single-speed optimized hulls, and the 3-speed optimized hull. In this table,
CW and CF are multiplied by 10 5 SA =L2ref :
The ratio CW/CT of the wave drag to the total drag is listed
in Table 3 for the initial hull, the three single-speed optimized hulls, and the 3-speed optimized hull at F  0:25;
0.316, 0.408. This table shows that the contribution of the

wave drag is reduced to near insigni®cance in the optimized
hulls. Indeed, Table 4 shows that the wave drag CW SA =L2ref
of the optimized hulls is reduced by 93±98% in comparison
to the wave drag of the initial hull.
The corresponding reductions in the friction drag
Table 4
Reduction in wave drag for the four optimized hulls
Hull

% Reduction in CW at F
0.25 (%)

Opt.25
Opt.316
Opt.408
Opt-3F

97

0.316 (%)

0.408 (%)

96

98

95
93

98

Table 5
Reduction in friction and total drags for the three hulls optimized at a single
speed
Hull

% Reduction in
1 1 kCF %

Fig. 14. Variation of drag in course of 3-speed hull form optimization.

Opt.25
Opt.316
Opt.408

17
5
1

CT (%)
47
51
60
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Fig. 15. Computed wave drag for the initial hull and the four optimized hulls.

Table 6
Reduction in friction and total drags for the hull optimized at 3 speeds
Speed

% Reduction in
1 1 kCF (%)

0.250
0.316
0.408
Mean

27
27
27
27

CT (%)
34
46
55
47

coef®cient 1 1 kCF and the total-drag coef®cient CT
are listed in Table 5 for the three single-speed optimized hulls, and in Table 6 for the 3-speed optimized
hull. While the friction drag 1 1 kCF of the 3-speed
optimized hull is increased by 7%, the total-drag CT is
decreased signi®cantly (although by a lesser amount
than for the single-speed optimized hulls). The bottom
row in Table 6 lists the mean of the reductions in the values
of 1 1 kCF and CT over the three speeds F  0:25; 0.316,
0.408.

Fig. 16. Computed total drag for the initial hull and the four optimized hulls.
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8. Conclusions
The experimental and theoretical drags reported in Figs. 6±
8 indicate that the extremely simple CFD tool that has been
used to estimate the total drag of a ship, based on the ITTC
friction drag formula and the zeroth-order slender-ship wave
drag approximation, is able to rank the drags of a series of hull
forms roughly in accordance with experimental measurements. The method may therefore be used, with appropriate
caution, as a practical hull form optimization tool.
This extremely simple CFD tool has indeed been used to
determine ship hull forms that minimize the total (friction 1
wave) calm-water drag. For purposes of illustration, optimized
hull forms that have the same displacement and waterplane
transverse moment of inertia as the classical Wigley hull,
used as initial hull in the optimization cycle, have been
determined for three speeds and for a speed range.
Figs. 15 and 16 show that the wave drag coef®cient CW
and the total-drag coef®cient CT of the hull optimized for
three speeds remain small over a broad speed range, in
contrast to the drag curves of the three hulls optimized for
a single speed. Thus, speed-range (multi-point) optimization
has been found to be much preferable to single-speed optimization, which yields highly-tuned optimized hull forms
that perform well only within a fairly narrow speed range
centered at the optimization speed. Furthermore, Figs. 15
and 16 show that the wave and total drags of the 3-speed
optimized hull are only moderately larger than the drags of
the single-speed optimized hulls within the narrow regions
where these hulls are optimized.
Figs. 9±13 show that the wave drag calculation method
and the hull form representation that have been used in this
study are robust enough to make it possible to explore very
large hull form modi®cations from an initial hull (taken here
as the Wigley hull). Tables 3 and 4 show that the wave drag
is nearly eliminated as a result of hull form optimization,
and Tables 5 and 6 show dramatic reductions in total drag.
The results presented in this study con®rm that, despite its
extreme simplicity, the zeroth-order slender-ship wave drag
approximation can be a useful tool for routine practical
applications to hull form design and optimization, as already
demonstrated in Refs. [14±16]. It will be interesting to
examine the series of eight hull forms and the optimization

example considered in this study anew using more re®ned
CFD tools than the extremely simple method that has been
employed here. In particular, signi®cant improvements
upon the zeroth-order wave drag approximation can be
expected from the approximation based on the ®rst-order
slender-ship approximation to the near®eld ¯ow and the
Fourier±Kochin representation of far®eld waves, as
explained in Ref. [18]. More re®ned optimization procedures can also be used, e.g. Ref. [32].
Although optimized hull forms that only take into account
calm-water drag have been considered here, it is important
to keep in mind that hydrodynamic optimization needs to
take into account a number of requirements, including calmwater drag, unsteady motions and loads, and other relevant
considerations such as propulsion, cavitation, and wakes. In
particular, both motions and calm-water drag should be
considered because design and optimization of a ship hull
form for calm-water drag without regard to seakeeping characteristics, or minimization of ship motions without regard
to drag, can lead to unacceptable hydrodynamic designs.
Thus, an integrated approach that simultaneously considers
both calm-water drag and motions should be used.
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Appendix A. Hull de®nition
As depicted in Fig. 17, a ship waterline is de®ned by 9
control points, which evidently are all located in the freesurface plane z  0: The locations of the 2 end control
points, which are only permitted to move along the x axis,
are de®ned by 2 unknowns (1 degree of freedomÐnamely a
displacement along the x axisÐfor each of the 2 end
points). The ®rst and last of the 7 interior control points,
i.e. the 2 interior control points that are located next to the
end points, de®ne the curvature of the waterline at the ship
bow and stern within the NURBS representation. Accordingly, the ®rst and last interior control points are presumed

Fig. 17. Plan view of control points de®ning a ship waterline.
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Fig. 18. Pro®le view of control points de®ning a ship stem line.

to have the same x coordinates as the related end points, and
the locations of these 2 interior points are de®ned by 2
unknowns (1 degree of freedomÐa displacement along
the y axisÐfor each of the 2 points). Finally, the locations
of each of the 5 remaining interior control points, which are
allowed to move within the free-surface plane z  0; are
de®ned by 5 £ 2  10 unknowns (2 degrees of freedomÐ
displacements along the x and y axesÐfor each of the 5
points). Thus, the locations of the 9 control points that de®ne
a waterline involve 2 1 2 1 10  14 unknowns.
A ship keel line is similarly de®ned by 9 control points,
which evidently are all located in the ship centerplane y 
0: The locations of each of the 7 interior control points,
which are allowed to move within the centerplane y  0;
are de®ned by 7 £ 2  14 unknowns (2 degrees of freedom-
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Fig. 19. Body plan view of control points de®ning an interior station.

displacements along the x and z axes-for each of the 7 interior points). The locations of the 2 end keel line control
points are de®ned in the manner explained further on.
Thus, the de®nition of a keel line involves 14 unknowns.
As already noted, a ship hull form is de®ned here as a
NURBS surface that involves 9 sections. The 2 end sections,
i.e. the stem and stern lines, are now considered. As depicted
in Fig. 18, the stem line is de®ned by 5 control points. The
locations of each of the 3 interior control points, which can
only move within the centerplane y  0; are de®ned by 3 £
2  6 unknowns (2 degrees of freedomÐdisplacements
along the x and z axesÐfor each of the 3 interior points).
The end point located at the waterline has already been
considered. The location of the end point located at the

Fig. 20. Control net used to de®ne a ship hull surface.
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keel line is de®ned in the manner explained further on. It
follows that the de®nition of the stem line involves 6
unknowns, and similarly for the stern line. Thus, the de®nition
of the stem and stern lines involve 12 additional unknowns.
The ®rst and last interior sections (sections located next to
the stem and stern lines) are now considered. As already
noted, these sections de®ne the curvature of the ship hull
at the bow and stern within the NURBS representation.
Accordingly, the 5 control points that de®ne each of
these 2 interior sections are presumed to have the same x
coordinates as the related control points on the stem or stern
lines. It follows that the de®nition of the locations of the 3
interior control points (the end points attached to the waterline and the keel line have already been considered) involve
6 additional unknowns (1 degree of freedomÐa displacement along the y axisÐfor each of the 3 interior control
points that de®ne the ®rst and last interior sections).
The 5 remaining interior sections are now considered. As
depicted in Fig. 19, each of these 5 sections is de®ned by 5
control points. The 2 end points, attached to the waterline
and the keel line, have already been considered. The 3 interior control points de®ne the ¯air angle, the section fullness,
and the deadrise angle, as indicated in Fig. 19. The locations
of these 3 interior points is de®ned by 3 unknowns (1 degree
of freedom for each of the 3 interior points) because the x
coordinates of the interior points are presumed to vary linearly between the x coordinates of the 2 end points located at
the waterline and at the keel line. Thus, the de®nition of the
5 interior sections now considered involves 5 £ 3  15
unknowns.
All 45 control points have now been considered except
for two control points, namely the points that are common to
the keel line and either the stem line or the stern line. These
points are taken midway between the neighboring points
located on the keel line and the stem/stern line. Thus, the
de®nition of these 2 special points does not involve additional unknowns, and the NURBS representation of a ship
hull form that is used here involves 14 1 14 1 12 1 6 1
15  61 unknowns. Fig. 20 shows the initial 45-point
control net for the initial hull and the corresponding control
net for a hull form de®ned in the course of an optimization.
Several constraints are imposed on the control points to
prevent unrealistic hull form deformations. The displacements along the x axis of the interior control points that
de®ne the waterline and the keel line are restricted so that
each interior point remains between its logical neighbors.
The displacements along the z axis of the 3 interior control
points that de®ne the stem line and the stern line are similarly restricted to ensure that these interior points are
between their logical neighbors.
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